The mass spectrum of S and P-wave mesons containing a single heavy quark is computed in the quenched approximation, using NRQCD up to third order in the inverse heavy quark mass expansion. Previous results found third order contributions which are as large in magnitude as the total second order contribution for the charmed S-wave spin splitting. The present work considers variations such as anisotropic lattices, Landau link tadpole improvement, and a highly-improved light quark action, and finds that the second order correction to the charmed S-wave spin splitting is about 20% of the leading order contribution, while the third order correction is about 20%(10%) for D * − D(D * s − D s ). Nonleading corrections are very small for the bottom meson spectrum, and are statistically insignificant for the P-wave charmed masses. The relative orderings among P-wave charmed and bottom mesons, and the sizes of the mass splittings, are discussed in light of experimental data and existing calculations.
I. INTRODUCTION [22] [23] [24] [25] [26] . Unfortunately, the uncertainties are often substantial, and results are not always as consistent with one another as might have been hoped. The present work represents a further comment on this situation. In particular, the D * s2 − D * s0 mass splitting is found to be positive as in the traditional hydrogen-like ordering, and to be substantially less than 100 MeV, while the D * 2 − D * 0 , B * s2 − B * s0 and B * 2 − B * 0 splittings are even smaller. These splittings are consistent with a number of model calculations, but are somewhat smaller than the lattice NRQCD calculation of Ref. [25] .
II. ACTION
The lattice action has three terms: gauge action, light quark action and heavy quark action. The entire action is classically and tadpole-improved with the tadpole factors, u s and u t , defined as the mean links in Landau gauge in a spatial and temporal direction, respectively.
The gauge field action is
where ξ ≡ a s /a t . The subscripts "ps" and "rs" denote spatial plaquettes and spatial planar 1×2 rectangles respectively. Plaquettes in the temporal-spatial planes are denoted by "pt", while rectangles with the long side in a spatial(temporal) direction are labeled by "rst"("rts"). The leading classical errors of this action are quartic in lattice spacing. For light quarks, a D234 action [8] is used with parameters set to their tadpole-improved classical values. Its leading classical errors are cubic in lattice spacing.
where +ψ(x + 2î) ( 
D 2t (x) =ψ(x)(1 − γ 4 )U 4 (x)U 4 (x +t)ψ(x + 2t) +ψ(x + 2t)(1 + γ 4 )U † 4 (x +t)U † 4 (x)ψ(x), (6) gF µν (x) = 1 2i Ω µν (x) − Ω † µν (x) − 1 3 Im (TrΩ µν (x)) ,
The heavy quark action is NRQCD [2] , which is discretized to give the following Green's function propagation:
with n = 5 chosen for this work. Separation of the Hamiltonian into two terms, H = H A + H B , is important for ensuring stability of the discretization. For example, recall the discussion in Ref. [4] of a large nonzero vacuum expectation value for the term containing c 10 in the Hamiltonian (see Eq. (15)). This issue will be discussed further in Sec. IV.
The following Hamiltonian, written in terms of the bare heavy quark mass M, is complete to O(1/M 3 ) in the classical continuum limit [27] :
The coefficients of the Hamiltonian are chosen so the dimensionless parameters, c i , are unity at the classical level. As will be discussed below, computations have been performed with the c i set to unity or zero in various combinations, including separate computations at O(1/M), O(1/M 2 ) and O(1/M 3 ) to allow discussions of convergence for the 1/M expansion. Throughout this work, H 0 is always placed in H A of Eq. (9) and all of the remaining terms except the c 10 term are only placed in H B . The difference between having the c 10 term in H A or H B will be discussed explicitly, since it has the nonzero vacuum expectation value.
A tilde on any quantity indicates that the leading discretization errors have been removed. In particular,Ẽ
where [3] F µν (x) =
The various spatial lattice derivatives are defined as follows:
This NRQCD action has quadratic classical lattice spacing errors.
III. METHOD
The data presented here come from 2000 gauge field configurations on 10 3 ×30 lattices at β = 2.1 with a bare aspect ratio of ξ ≡ a s /a t = 2. Two light quark masses are used, corresponding to κ = 0.23 and 0.24. Fixed time boundaries are used for the light quark propagators so they fit naturally into a heavy-light meson, since the NRQCD heavy quark propagator is also not periodic in the temporal direction.
A calculation of the string tension from these gauge field configurations provides a determination of the renormalized anisotropy:
ξ ≡ a s /a t = 1.96 (2) . 
Using light quarks only, the lightest pseudoscalar and vector meson masses are easily obtained from local creation operators. By linear interpolation and extrapolation in 1/κ, the critical (κ c ) and strange (κ s ) hopping parameters and the temporal lattice spacing are found to be
a t = 0.1075(23)fm from m ρ .
For the hopping parameters used in explicit computations, κ = 0.23 and 0.24, the ratio of pseudoscalar to vector meson masses is "m π /m ρ " = 0.815(3) and 0.517(8) respectively. No exceptional configurations were encountered at these κ values. One might expect a systematic uncertainty on a t to account for deviations from the linear relationship between a t m ρ and 1/κ. The uncertainty is presumably a few percent, but cannot be estimated using only the two κ values studied here. A heavy-light meson is created by the following operator,
where Ω( x) is given in Table I and the smearing operator is
All plots shown here use (c s , n s ) = (0.15, 10) at the source and a local sink. The source is fixed at timestep 4, which is a distance 3a t from the lattice boundary. Because NRQCD is an expansion in the inverse bare heavy quark mass, all meson mass differences can be obtained from correlation functions at p = 0, but the absolute meson mass itself cannot be obtained directly. One way to determine the mass is to compute the change in energy when a meson is boosted,
This defines the kinetic mass, M kin , which is interpreted as the meson's physical mass. For the present work, E p is computed only for the 1 S 0 state, with p = (0, 0, 2π/L s ) where L s = N s a s is the spatial extent of the lattice in physical units. Solving for the kinetic mass gives
Some justification for Eq. (33) comes from consideration of the next correction term, giving
We have verified that the extra term shifts the kinetic mass by an amount which is smaller than the uncertainties for every value of M kin reported in this work.
In the case of S-wave mesons, a plateau containing ample timesteps is clearly evident in all effective mass plots; some examples are shown in Fig. 1 . A more detailed discussion of the P-wave plateaus is deferred to Sec. V. In this paper, the plateau region for each mass is defined by the maximum value of TABLE II. Examples of plateaus defined by maximization of Q. Notice that they all have the desired feature that Q ≥ 0.1. Insensitivity of the fit parameters to the precise plateau boundaries has been verified. 
and N is the number of timesteps in the proposed plateau region. χ 2 is obtained from a single exponential fit to each meson correlation function. A correlated fit is done with the covariance matrix inverted by singular value decomposition. Statistical uncertainties are obtained from the analysis of 5000 bootstrap ensembles. All plateaus are ended at timestep 22 (20) for simulations with κ = 0.23(0.24), except for an infinitely-heavy quark due to excessive noise at these larger times. The examples in Table II demonstrate the quality of the fits.
IV. S-WAVE SPECTRUM
Calculations were performed for a s M = 1.2, 1.5, 5, 6 and ∞, where M represents the bare heavy quark mass in the NRQCD action. Figure 2 shows the simulation energy of the ground state as a function of a s M for κ = 0.24. The huge O(1/M 3 ) effect at smaller M values is due to the vacuum expectation value of the c 10 term. This large correction to the unphysical simulation energy does not discredit the convergence of NRQCD, but special care must be taken to ensure that the large vacuum value is incorporated into the heavy quark propagation appropriately. In particular, previous work [4] has shown the linear approximation to be insufficient for the c 10 term, which contains the vacuum expectation value, in computations of the S-wave spin splitting in the charm region. Fig. 2 It will also be noted from Fig. 2 that the simulation energy is negative for a s M = 1.2 at third order in NRQCD. Of course the absolute energy scale is unphysical in NRQCD due to omission of the large heavy quark mass term from the leading order action, and physical quantities (i.e. mass differences) are independent of the absolute energy scale. If the simulation energy were large and negative, it might signal a poor 1/M expansion and/or a problem for the discretization of heavy quark propagation, but a small negative result presents no problem. Table III shows a calculation of the kinetic mass, and indicates that the bottom quark requires a s M ≈ 5.5. The charm quark seems to want 1.2 < a s M < 1.5, although the data suggest that the 1/M expansion might not be converging in this region. It is interesting to notice that the vacuum expectation value does not affect the calculation of this observable significantly.
A stronger statement about convergence comes from the splitting between the spinsinglet and spin-triplet S-wave states, since the uncertainties are smaller. Table IV suggests a nice convergence in the bottom region, but no guarantee of convergence for charm. It will be noted that an incorrect treatment of the vacuum expectation value (i.e. putting the c 10 Tables III and IV correctly accommodate the vacuum expectation value of the c 10 term by placing it in H A . In Ref. [4] , this method was found to give the same numerical results, within statistical uncertainties, for the S-wave kinetic mass and spin splitting as was obtained by computing the vacuum expectation value directly and subtracting it from the Hamiltonian. For the present calculation, a similar check was performed: the vacuum expectation value was computed from 400 of the gauge field configurations, and the S-wave kinetic mass and spin splitting were computed from 200 configurations using the Hamiltonian with the vacuum value explicitly removed. As expected, the results agree within statistics with Tables III and IV when the c 10 term is in H A .
Interpolating these data so that M kin is the physical mass of a bottom meson, one finds a spin splitting which is only about 55% of the experimental value. This is typical of quenched lattice calculations (see for eg. Refs. [4, 23, 25] ). Even an unquenched NRQCD calculation did not reproduce the experimental B * − B splitting [28] so perhaps the tadpole-improved classical values, which were used for the coefficients c i in the NRQCD Hamiltonian, account for the residual discrepancy.
The data reported in Ref. [4] display a 1/M expansion for charmed mesons in lattice NRQCD in which O(1/M 3 ) terms were as significant as O(1/M 2 ) terms, so convergence of the expansion could not be assured. In that work, it was hoped that a more convergent expansion might be obtained via changes in the lattice method. In particular, replacement of the average plaquette tadpole factor by the mean link in Landau gauge was suggested to hold some promise. [6, 7] The present work has made this modification plus a number of others including: a more aggressively-improved light quark action, asymmetric lattices with temporal spacing reduced by a factor of two, Dirichlet temporal boundaries for light quarks rather than periodic ones, smeared meson sources rather than local sources, and a symmetric dependence on H B in Eq. (9) . Despite these changes, convergence of the 1/M expansion remains uncomfirmed for S-wave charmed mesons. It is possible that a study of 23 1.2 0.0441(6) 0.0527 (7) 0.0508 (7) 0.0566 (25) (13) 28.8(25) 6.0 0.0136 (7) 24.9(14) * These computations use only 200 configurations.
terms beyond O(1/M 3 ) would reveal that the series really is well-behaved, but this remains unexplored.
V. P-WAVE SPECTRUM
Each of the four P-wave operators from Table I leads to a visually-identifiable plateau; an example is shown in Fig. 3 . The method of maximum Q, discussed in Sec. III, can be used to define precise plateau boundaries and the resultant 3 P 0 − 1 S 0 splitting is shown in Table V . In contrast to the S-wave splitting discussed in the previous section, the 1/M corrections to the 3 P 0 − 1 S 0 splitting are not large relative to the statistical uncertainties, even in the charm region. The splittings given in Table V are consistent with the available experimental data, as will be discussed below.
Tables VI and VII contain lattice results for splittings which involve the other P-wave mesons. In the charm region, the κ = 0.23 data produce a 3 P 2 meson which is heavier than the 3 P 0 meson, but at κ = 0.24 the 3 P 2 − 3 P 0 splitting is consistent with zero. The magnitudes of the splittings decrease in the bottom region, as expected.
A comparison of Tables V, VI and VII plus the effective mass plots in Fig. 4 provide some indication of the systematic uncertainty which arises from the choice of plateau region. In particular, it will be noted that the effective mass plots are monotonically decreasing near the source, so if a plateau region is chosen too near the source, it will produce a mass splitting which is too large. Thus one arrives at an upper bound for the 3 P 2 − 3 P 0 splitting, as presented in Ref. [24] .
The correlation functions constructed using 1 P 1 and 3 P 1 operators contain some combination of the physical J = 1 mesons. Both calculations should lead to the same (lighter) physical mass at large Euclidean times if both operators have a substantial overlap with the less massive J = 1 state. In principle, the masses of the physical states can be obtained (7) 0.256 (7) 0.256 (7) 469 (16) 23 1.2 0.288 (7) 0.298(9) 0.325 (7) using the 1 P 1 / 3 P 1 operator basis by also calculating the mixing matrix elements, but the effect was too small to be observed in these data. In practice, for Euclidean times which can be used in our lattice simulation, no significant energy difference is observed between the 1 P 1 and 3 P 1 channels.
Predictions for the physical mesons are displayed alongside experimental data in Table  VIII . The D s − D and B s − B mass differences depend only mildly on O(1/M 2 ) and O(1/M 3 ) terms, and they are close to experiment. In contrast, the S-wave spin splittings are significantly smaller than experiment (as is typical of quenched lattice QCD [4, 23, 25] ). and B * * s ) by 7 MeV or less. A detailed comparison of P-wave results would be somewhat premature, since the experimental data are rather incomplete and often rely on theoretical models for input, while the lattice calculation is quenched and lacks a firm connection between the physical mesons and the J = 1 operators. Nevertheless, Table VIII shows a general consistency between the TABLE VII. The 1 P 1 − 3 P 0 , 3 P 1 − 3 P 0 and 3 P 2 − 3 P 0 mass splittings. Data at a s M = 6 use the Hamiltonian up to O(1/M ) and data at a s M < 6 use the Hamiltonian up to O(1/M 2 ). Only statistical uncertainties are shown. 23 1.2 0.017 (7) 0.027(9) 0.054(7) 1.5 0.015 (7) 0.021 (8) 0.047(7) 5.0 -0.002 (8) 0.008 (6) 0.021(7) 6.0 0.004 (7) 0.007 (7) 0.017 (7) (21) 0.009 (27) experimental and computed P-wave masses.
It is instructive to compare lattice P-wave masses to the predictions of models, such as quark models [14, 20, 21] , a Bethe-Salpeter study [15] , a chromodynamic potential model [16] , a bag model [17] and a Blankenbecler-Sugar approach [18] . Many of these present results for J = 1 directly in the 1 P 1 / 3 P 1 basis which simplifies the comparison to lattice data, and the quark models may in general be more closely related to the quenched approximation than to experiment.
The models of Refs. [14] [15] [16] 18] predict the traditional hydrogen-like ordering of P-waves, where the 3 P 0 is the lightest meson, the 3 P 2 is the heaviest, and the P 1 states lie in between. The authors of Ref. [17] find, from lightest to heaviest, 3 P 0 , P 1 (3/2), 3 P 2 , P 1 (1/2), where the arguments represent the angular momentum of the light degrees of freedom. Ref. [20] predicts a dramatic inversion where the 3 P 0 is heavier than the 3 P 2 by 100(150) MeV for D * * (B * * ) mesons, but the P 1 states are the absolute lightest and heaviest. Ref. [21] claims very small splittings (tens of MeV) where the P (1/2) and P (3/2) doublets overlap to produce different orderings for the D, D s and B systems (the B s is ordered like the D). Fig. 5 shows the D * 2 − D * 0 and B * 2 − B * 0 splittings from lattice QCD and from the models just mentioned. Despite the range of model predictions, it is evident that some general consistency exists between our results and a number of the models. Notice in particular that our results are numerically distinct from the large inversion of Ref. [20] . Fig. 6 compares the 3 P 0 − 1 S 0 splittings as obtained from lattice QCD and the models.
Of special importance is the comparison with Ref. [25] , where the spectrum was also computed from quenched lattice NRQCD. The discrepancy between the two lattice calculations is exemplified by Fig. 5 . While there are many differences in method between the two computations, it is difficult to identify a compelling reason for the disagreement. Fig.  4 indicates that our data must satisfy M(B * 2 ) − M(B * 0 ) < 100 MeV for any chosen plateau region, and this is not consistent with Ref. [25] . It is hoped that further lattice efforts will improve this situation. Unfortunately, a recent lattice NRQCD study of the heavy-light me- son spectrum [26] has statistical uncertainties which are too large to resolve the discrepancy between our results and those of Ref. [25] .
VI. CONCLUSIONS
The masses of S and P-wave heavy-light mesons have been calculated in the quenched approximation, using lattice NRQCD for the heavy quark and a highly-improved action for the light degrees of freedom. Calculations at first, second and third order in the heavy quark mass expansion were used as a test of convergence, and it was concluded that the No convergence problem is found for P-wave charmed masses, and the P-wave spectrum for both charmed and bottom mesons is predicted. The 3 P 2 is heavier than the 3 P 0 and P 1 states in the D * be used for the state which in the heavy quark spin symmetry classification has light degrees of freedom with angular momentum of j l = 1/2 and which is expected to have a large width. The unprimed J = 1 state corresponds to j l = 3/2 and is expected to be narrow. 100   200  300  400  500  600  700  800  100  200  300  400  500  600  700  800 LATTICE NRQCD: present work
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